The theory to reconstruct the atomistic-level chain diffusion from the accelerated dynamics that is measured in mesoscale simulations of the coarse-grained system, is applied here to the dynamics of cis-1,4-Polybutadiene melts where each chain is described as a soft interacting colloidal particle. The rescaling formalism accounts for the corrections in the dynamics due to the change in entropy and the change in friction that are a consequence of the coarse-graining procedure. By including these two corrections the dynamics is rescaled to reproduce the realistic dynamics of the system described at the atomistic level. The rescaled diffusion coefficient obtained from mesoscale simulations of coarse-grained cis-1,4-Polybutadiene melts shows good agreement with data from united atom simulations performed by Tsolou et al. The derived monomer friction coefficient is used as an input to the theory for cooperative dynamics that describes the internal dynamics of a polymer moving in a transient regions of slow cooperative motion in a liquid of macromolecules. Theoretically predicted time correlation functions show good agreement with simulations in the whole range of length and time scales in which data are available. The theory provides, from data of mesoscale simulations of soft spheres, the correct atomistic-level dynamics, having as solo input static quantities.
I. INTRODUCTION
Computer simulations of macromolecular liquids described at the atomistic level are extremely useful because they bridge information between the microscopic molecular structure of the polymeric system, at the given thermodynamic conditions, and its macroscopic properties, such as viscosity, diffusion, and dynamical-mechanical response, which are observed experimentally.
1,2 It is unfortunate that, despite the progress already occurred in the computational hardware and software, the study of the dynamics of polymeric liquids by atomistic computer simulations is still limited by the impossibility of simulating polymer dynamics in the wide range of time and length scales relevant for these systems. It is known that long simulation trajectories deteriorate with time, following a law defined by the Lyapunov exponent characteristic of the system, and the resulting long-time dynamics is affected by errors.
3,4
Atomistic simulations of polymeric liquids are limited either in the length and number of macromolecules, or in the maximum timescale that can be reached. The long timescale is a regime of great interest for these systems, because of the relevance of dynamical-mechanical properties of macromolecules in that regime for their industrial applications. Because the limitation concerns only the region of long-time, large-scale properties, it is possible to shift the focus of a simulation to this region of interest by the reduction of the simulated degrees of freedom through the averaging of local scale properties, i.e. adopting a so-called "coarse-graining" procedure.
While simulations of coarse-grained systems afford to represent larger length-and longer time-scales than atomistic simulations, they also are marred by the shortcoming that the measured dynamics is unphysically fast. This is the advantage that allows one to perform simulations in the long-time regime, but it is also a problem because the dynamics in the simulation becomes too fast and measured diffusion coefficients are too large. Depending on the level of coarse-graining the dynamics can become orders of magnitude faster than the atomistic dynamics. 5, 6 Being aware that the dynamics has to be rescaled to recover the correct timescale, 7-9 one resorts to the most conventional method, which is to build a calibration curve calculated by superimposing the long-time dynamics of the coarse-grained and atomistic simulations.
10,11
The hope is for this calibration curve to be transferable to other systems, or to be identical, and so applicable, for thermodynamic conditions close to, but different than the phase point for which the curve was optimized in the first place. Otherwise, if an atomistic simulation has to be ran every time we need to rescale a coarse-grained simulation there is no advantage in running simulations of coarse-grained (CG) systems. The rescaling factor of the conventional calibration curve is, however, purely a numerical correction. There is no physical motivation for one to assume that this correction has to be identical for any system or thermodynamic condition different from the ones in which it was optimized. Given that the effective potentials between coarse-grained units are free energies, and as such they are parameter dependent, it is very unlikely that numerically optimized corrections will be identical for different systems. However, if the calibration curve is applied for conditions of temperature, density, and degree of polymerization, very close in the phase diagram to the ones in which the calibration curve was originally optimized, there is hope that the error is very contained. Alternatively, in the case that very limited levels of coarse-graining are applied, e.g. combination of a few atoms to obtain a new coarse-grained unit, the error incurred in using the calibration curve in different conditions, can be small enough to be within the numerical error of the calculation. This is in fact the reason for the observed good agreement in the rescaled dynamics of systems with contained level of coarse-graining.
12-14
The goal of this paper is orthogonal to the more conventional calculation of an optimized calibration curve for systems with limited level of coarse-graining. In fact our goal is to investigate the physical motivation that leads to the accelerated dynamics in first place and to provide, through our analysis, a theoretical approach to calculate, from first principle equations, the correction factor that needs to be applied to the fast dynamics measured in coarse-grained simulations to recover the slower and more realistic dynamics of the atomistic description. We study the most extreme level of molecular coarsegraining, where one polymer chain is represented as a soft sphere, because i) the description is analytical allowing the formal study of the rescaling problem, ii) it provides a solid test of the reconstruction procedure because possible errors would be maximized, iii) this level of coarse-graining is associated with the largest computational gain, so it is important.
Recently we have proposed an original procedure to rescale the dynamics measured in simulations of coarsegrained polymer melts.
5, 6 The procedure we proposed does not require to run atomistic simulations to calibrate the dynamics of the coarse-grained simulation. Once one parameter, specifically the diameter of the hard-core monomer potential, is fixed, the rescaling factors are fully determined. The advantage of this method is clear, given that the coarse-grained simulation can reach larger-scale longer-time properties than the atomistic simulation. Because no atomistic simulations are needed, the measured dynamics can be directly rescaled to obtain the dynamics of the real system we wanted to study.
The method has been formally derived, and then applied to systems of polyethylene (PE) melts. The choice of PE as a test system was motivated by the wealth of experimental and simulation data available in the literature. We have shown that the proposed theory is able to predict diffusion coefficients in agreement with both atomistic simulations and experiments for systems in both the unentangled and entangled regimes, for a range of temperatures and densities. For entangled system the approach of dynamical reconstruction includes an extra loop in the calculation of the friction coefficient, which accounts for the fact that in real systems described at the atomistic level, the dynamics is slowed down by the presence of entanglements. We hypothesized for the entanglements to relax in time following the same dynamical mechanism of single chain interdiffusion. In this paper entangled chain dynamics is not investigated as most of the samples in the atomistic simulations are either unentangled or in the region of crossover from the unentangled to the entangled regimes.
One of the questions that still needed to be answered was if our method was able to generate high quality predictions also for macromolecular liquids with a more complex monomeric structure than the simple polyethylene. A first study of this issue is presented in this manuscript which investigates the agreement between theoretically predicted diffusion coefficients for cis-1,4-Polybutadiene (PB) chains and data from molecular dynamics simulations performed by Tsolou, Mavrantzas and coworkers. [15] [16] [17] The approach is completely general and can be applied to polybutadiene chains with different tacticity. For these systems the difference in local chain semiflexibility, which corresponds to different overall chain dimension, i.e. a different radius-of-gyration (R g ) and statistical segment length (l), ultimately leads to a different diffusion coefficients for polybutadienes with different tacticity. In this paper we limit our calculations to cis-1,4-Polybutadiene samples because those are the samples investigated by atomistic simulations and provide a effective test of our procedure for dynamical reconstruction.
Our rescaling method considers two contributions emerging from the consequence of applying the coarsegraining process and derives the theoretical corrections that need to be applied to the dynamics of the coarsegrained description to recover the modalities of the original atomistic system. To calculate the analytical correction we adopt for the atomistic descriptions a simple bead-and-spring description of the chain where each PB polymer of N monomeric units is represented as a collection of N beads connected by semi flexible springs of length l = 6/N R g , and the overall chain dimension is defined by the radius-of-gyration of the molecule, R g . This model is a Rouse approach modified to include chain semiflexibility and has been shown to represent well the diffusion of polymer melts in the unentangled regime.
18
From the comparison of this model and the soft sphere representation of the chain, it is possible to evaluate the two contributions that are responsible for the accelerated dynamics, and which have to be included to correct the measured dynamics and bring it to the realistic values of the atomistic (here bead-and-spring) description.
The first correction emerges from the consideration that due to the process of averaging the intramolecular degrees of freedom, the coarse-grained system experiences a change in its entropy, because a number of local states are neglected. While the atomistic system devotes time to explore local configurations, the coarse-grained system doesn't. To recover the correct dynamics those states need to be included a posteriori in the form of an entropic contribution to the free energy that rescales the time measured in the CG simulations.
The second correction comes from the change of the "shape" of the molecule once it is coarse-grained. Macromolecules described at the atomistic level become represented by chains of effective atoms, or as bead-andsprings, chains of soft blobs, or even each molecule as a soft sphere. In all these multiple forms the surface of each molecule available to the surrounding molecules, i.e. the "solvent", is different. The hydrodynamic radius, r hydr , of the coarse-grained unit in each description is differ-ent and so is its friction coefficient, ζ, defined by Stokes' law as ζ = 6πη s r hydr , where η s is the viscosity of the medium. By solving the memory function for the friction coefficient in each description we are able to calculate the correction factor that has to be applied to each friction coefficient to recover the description at a different level of coarse-graining.
In this paper our rescaling method is first briefly summarized and then applied to study the dynamics of cis-1,4-PB and compared with simulation data by Tsolou et.al. 15 who also investigated the effect of temperature and pressure on the simulations. 16, 17 The global dynamics of the polymer is represented by the diffusion coefficient and the decay of the self-correlation for the end-toend molecular vector. These dynamical quantities are reconstructed using the method by Lyubimov at al., 5, 6 from the information contained in the trajectories of the mesocale simulations of the coarse-grained polymer melts and show good agreement with the data from united atom simulations. For the internal dynamics the theory for cooperative motion [19] [20] [21] is used to predict monomer dynamics and the dynamical structure factors, which compare well with the simulations. If atomistic simulations are not available, the theory of dynamical reconstruction is able to predict the correct dynamics from the rescaling of the mesoscale simulations having as an input the polymer radius-of-gyration, which can be calculated from simple structural models for polymers. The accuracy of adopting a freely rotating chain model for the calculation of the polymer radius of gyration is discussed in the last section. A brief summary concludes the paper.
II. RESCALING OF THE FREE-ENERGY AND RESCALING OF THE FRICTION
In this section we briefly present an overview of the main steps in our procedure. A complete and detailed presentation of the same has been already published 5, 6 and will not be repeated here. We start from the consideration that the procedure of coarse-graining corresponds to eliminating some internal degrees of freedom, by combining groups of atoms into one effective CG unit. Specifically, our rescaling theory has been developed for an extended level of coarse-graining where intramolecular coordinates are fully averaged out and the polymer is represented as an isotropic sphere centered on the centerof-mass (com) of the macromolecule. There are some advantages in the choice of this description. First, the CG representation is fully isotropic, and even if it is known that the shape of a polymer is closer to an ellipsoid than to a sphere, 18 the total correlation function of the polymeric liquid, i.e. the structure of the polymeric liquid, statistically averaged over all the possible configurations is well reproduced by this model; second the formalism is analytical, which allows us to derive formally many of the physical quantities of interest for both the static and the dynamic properties of the coarse-grained system as a function of the atomistic description; third all the consequences of the coarse-graining procedure are enhanced with this extreme level of coarse-graining and are easier to study in such a description. If the procedure adopted were not precise, the error would be maximized because of the high level of coarse-gaining; the fact that the theory, which is predictive, is found to be in quantitative agreement with both simulated and experimental data is encouraging.
5,6
One disadvantage of having such a coarse-grained representation of the molecule is that no information is collected from the mesoscale simulation on the internal dynamics of the polymer. In this way, the soft sphere representation only provides information on the diffusion coefficient of the molecule. However, we show in this paper that from the knowledge of the diffusion coefficient and the related monomer friction coefficient for unentangled chains it is possible to recover correctly the internal dynamics of the chain by applying our theory for the cooperative dynamics of a group of interacting chains, which calculates the single chain dynamics for a macromolecule whose dynamics is coupled by the presence of intermolecular forces with the other interpenetrating macromolecules in the liquid.
In every CG model, the averaging of the intramolecular degrees of freedom leads to a speeding up of the dynamics. When a polymer is represented as a soft sphere the dynamics in the mesoscopic simulation is orders of magnitude faster than in the atomistic description. One of the reasons for this acceleration is the fact that while a macromolecule needs to explore a large number of internal chain configurations for each position of the center-ofmass, the soft sphere instead is free to move in the threedimensional space undergoing Brownian motion. 23, 24 To take into account the missing contribution of the time necessary to explore the internal degrees of freedom, the time measured in the mesoscale simulation of the soft sphere is multiplied by a rescaling factor that is calculated as the ratio of the energy due to the internal degrees of freedom in the two representations, i.e an atomistic and a soft sphere representations. For the atomistic representation we adopt an analytical bead-and-spring model, as previously described. 5, 6 This model has been shown to provide a quantitative description of the dynamics for polymeric liquids and for proteins in theta solvent.
21,22
The first correction term is calculated from the definition of the internal energy for a simple bead-andspring model and for the soft sphere CG model. The mesoscale (MS) molecular dynamic (MD) simulations are performed using a potential expressed in dimensionless units, which is a common procedure. The time from the simulations has to be properly normalized so that the dimensionless simulation time from MS simulations,t, once dimensionalized and rescaled reads as
where m is the molecular mass of one chain and R g is the radius-of-gyration of the molecule, which is an input quantity in our approach. The internal degree-offreedom averaged out in the coarse-grained description are accounted for by introducing the 3 2 N factor where N is the number of beads.
The second rescaling is due to the change in the shape of the molecule represented in the two levels of coarsegraining, and so the effective friction in the two representations. In the long time the com mean-square displacement is related to the molecular diffusion coefficient as
where
is the diffusion coefficient of the system, which has to be calculated. If we use as a starting point the diffusion coefficient measured in the mesoscale simulation D MS = k B T /ζ sof t , the mean square displacement in the rescaled formalism is give by
where the problem reduces to the calculation of the friction coefficient in the monomer and soft-sphere representations. The friction coefficients are calculated from the solution of the memory function in the two representations (bead-and-spring and soft-sphere).
The formalism presented so far, adopts a Rouse-like description of the single chain diffusion for the atomistic level representation of the system. At the coarse-grained level the chain is represented as a soft-sphere. Eq.3 shows how the diffusion coefficient measured in a mesoscale simulation of a liquid of soft-spheres, D MS , needs to be rescaled to give the mean-square displacement of the real chain, ∆R 2 (t) , as a function of the rescaled time, t.
The contributions that are still unknown are the friction coefficients in the atomistic and coarse-grained descriptions, which can be solved analytically starting from the definition of the memory function.
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For a bead-and-spring model the monomer (bead) friction is given by:
where the memory function is defined as
where β = 1/k B T , ρ is the monomer density andr,r ′ are the unit vectors characterizing the direction of the forces acting on monomers a and b, respectively. S Q (r, t) is the projected dynamic structure factor, which includes both intra-and inter-molecular contributions, i.e. incoherent and coherent scattering, and is approximated by its non-projected form as S Q (r, t) ≈ S(r, t), which is an acceptable approximation when the Langevin equation is expressed as a function of the slow variables. In Eq.(5) g(r) is the monomer pair distribution function of the molecular liquid, and F (r) is the force due to the effective potential between two monomers, obtained from the solution of the Ornstein-Zernike (OZ) equation by applying the Percus Yevick closure. The monomer potential, which in the atomistic-level simulation is a Lennard-Jones potential, is approximated here by an effective hard-sphere with an effective diameter, d, to mimic the properties of the L-J potential. All the physical quantities that appear in the equation are known and the analytical expression for the monomer friction is
This equation contains quantities that are well defined once the system of interest is selected. For example g(d) is the pair distribution function at contact,
) is the density fluctuation correlation length with ρ, Rg and N already defined in the text, and h 0 is defined as
The only physical quantity that needs to be determined is the hard-sphere diameter, d. This is defined once the Lennard-Jones potential is mapped onto an effective repulsive hard-sphere system as described later in this section of the paper.
In the soft colloidal representation, the friction coefficient is analytically calculated from the definition of the memory function as
where ρ ch = ρ/N is the chain density. All the other physical quantities that appear in the integral, for example the pair distribution function, g(r), and its related force, F (r), are now defined in relation to the description of the polymeric liquid as a liquid of soft spheres, which are point particles interacting through a soft repulsive potential. Each of these quantities is analytical and calculated from the solution of the OZ equation with the hypernetted chain closure approximation.
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The regime of interest in our calculations is the diffusive limit where, in reciprocal space, the wave vector k ≪ 1/R g . Here the dynamic structure factor can be approximated as
with the total correlation function of the soft-sphere representation is given in the limit of long chains (N ≥ 30) by the approximated expression
The resulting equation for soft particle friction is
where the value of each physical parameter (temperature and density) and molecular parameters (degree of polymerization and radius-of-gyration) that enter this equation is defined once the system to simulate is selected. These parameters are identical to the ones that are input to the equation of the monomer friction, Eq. (6), given that the two equations are representations for different levels of coarse-graining of the same system. When the two equations for the monomer and the soft colloidal friction coefficients are introduced in Eq.(3) the diffusion coefficient for a single chain in a liquid is recovered as
where we have assumed that the diffusion coefficients that appear in Eq.6 and Eq.10 are identical, as the longtime relaxation of the dynamic structure factor in both CG descriptions is guided by molecular diffusion. To summarize, as the first step the thermodynamic and molecular structure, i.e. the radius of gyration or equivalently the persistence length, of a polymer melt has to be defined. Then, MS MD simulations are performed for a liquid of point particles interacting through a soft pair potential, βv sof t (r), as described in several of our previous papers, where
The mean-square-displacement of the soft spheres is measured from the MS MD trajectories as a function of time (dimensionless), and the resulting diffusion coefficient is rescaled following Eq.11 to obtain the reconstructed diffusion coefficient. For the solution of the rescaling factors in Eq.11 the only parameter that has to be defined is the value of the effective hard sphere diameter, d, in Eq.6. In our formalism the elementary interaction between monomers belonging to different chains, which in the UA MD is a Lennard-Jones potential, is approximated by a hardsphere interaction with an effective diameter, d, to allow for the analytical solution of the monomer memory function. Under fixed thermodynamic conditions, the value of d should depend only on the local monomer structure, and be independent of the degree of polymerization, because the monomer interaction potential is a local property of the chain. Therefore in our model, once the value of d is chosen, this value is kept fixed for all samples with different molecular weights. Note that for convenience we use the term monomer to identify the CH x group, where x = 1, 2 or 3.
To evaluate the value of d we analyze the dimensionless quantity Dζ m /(k B T ), which is identical to N −1 if the chain obeys strictly Rouse dynamics in the longtime limit. To fulfill this requirement the chain has to have N much smaller than the entanglement degree-ofpolymerization N e and larger than the value of N = 30 for which chains start to obey Gaussian statistics, i.e. the central limit theorem applies. 15 as reported in Table I . Horizontal lines represent the 1/N value for each sample, which is the Rouse value of the physical quantity Dβζ m = 1/N in the diffusive regime, and reproduces the scaling behavior of the diffusion for unentangled, short-chains. For comparison Figure 1 b ) displays the analogous plot for the PE samples, which is reproduced from refs.
5 and 6 . The change of d with N observed in Figure 1 is a consequence of two different effects: for short chains, end effects are important, while for long chains the crossover to entangled dynamics starts to be important. In this way, it could be argued that in our method the actual fitting parameter is not d, but the length of the chosen sample for which d is determined. Clearly when entangled chains are forced to behave according to the Rouse expression the hard sphere diameter needs to be artificially decreased in order to compensate the overlooked increase in the monomer friction, which is associated with entanglement effects growing with increasing N . Whereas the range of lengths in the unentangled region can be rather wide, it is always possible to choose the chain length knowing experimentally measured or theoretically estimated value of N e , 28 and by optimizing our choice of d by testing the predictions of the theory against data from simulations of short chains. However comparison with simulations is not necessary, as the only needed information is the value of N e and the value of R g for a sample of short, unentangled, chains (N < N e ).
6
In our previous study of PE melts we fixed the hard sphere diameter following the same procedure described here, and we selected a sample with N = 44 to calculate d. The obtained value of d = 2.1Å (see Figure 1b) , was larger than the carbon-carbon bond length l b = 1.54Å, but smaller than the Lennard-Jones parameter σ ≃ 3.9Å typically used in UA MD simulations, which seems to be a reasonable choice of the parameter. Compared to PE, PB chains are more flexible and so they are less entangled. The estimated entanglement degree-of-polymerization, N e , is calculated from the generalized formula for the plateau value in the shear relaxation modulus, 28 which gives N e(shear) ≃ 330 backbone carbon atoms for PB, compared to N e(shear) ≃ 55 for PE. Notice that the value of N e from shear measurements is different from the value obtained from the analysis of scattering experiments which gives, for example, for PE samples N e ≃ 130.
It is important to notice that even if there is some freedom in choosing the reference sample, the deviations of d from the chosen value is not large. However, small deviations of the value of d can lead to different values of the diffusion coefficient. Notwithstanding the fact that for PB there is a wide range of degrees-of-polymerization, 30 < N < 330, for which the hard-sphere diameter, d, could be optimized, the best agreement between theory and simulations is obtained for values of the parameter d optimized for short chains, N ≈ 50. This can be explained by considering that in PB samples the crossover region from unentangled to entangled dynamics is extended (see for example not following the unentangled scaling behavior, which is necessary condition for the optimization of d using Rouselike diffusion.
Considering the broader range of unentangeled PB chains, we select for the calculation of the hard sphere diameter the PB sample with N = 56. The obtained value of d ≃ 1.47Å (which is smaller than the value for PE of 2.1Å given the flexibility of PB) is consistent with the fact that in PB chains half of the carbon bonds are shorter double bond and l db = 1.34Å .
III. THEORETICAL PREDICTIONS OF CENTER-OF-MASS DIFFUSION
The solution of Eq.(3) gives the diffusion coefficient for the center-of-mass of a polymer described at the atomistic level, having as an input the diffusion coefficient calculated from the mesoscale simulation of the CG polymer liquid. The purpose of this procedure is to have ultimately mesoscale simulations that, once properly rescaled, can provide directly the diffusion coefficient, without need of running atomistic simulations. To test our procedure we first run the mesoscale simulations, then we rescale the diffusion coefficient, and finally we compare the predicted values of D against atomistic simulations and/or experiments. Thermodynamic and molecular parameters entering our equations have to be consistent with the parameters of the system against which we compare our approach.
We study the dynamics of cis-1,4-Polybutadiene (PB) melts of increasing degree of polymerization and compare our results with the data from the simulations performed by Tsolou et al. 15 The input parameters to our theory are displayed in Table I , including the degree-ofpolymerization, N , and the monomer density ρ. Table I also includes the mean-square-radius-of-gyration calculated from the united atom simulations R 2 g UA . From this radius-of-gyration the value of the semiflexibility parameter, g, is derived, as the value that corresponds to chains with the desired overall dimension, i.e. R g . In this way the parameter g is not an independent parameter but is determined by the R g value. The parameter g does not enter the equation, but is used in the calculations reported in the last section of this paper. It is important to notice that the values for R g could be taken from experimental data, and that, in principle, no atomistic simulations of the system under study are necessary for our approach.
The UA MD simulations were performed in the N P T ensemble, at the constant pressure, P , and temperature, T , reported in the table. 15 Note that the values of R g for systems PB160, PB200, PB240 were corrected from 257Å 2 to 275Å 2 , from 304Å 2 to 340Å 2 and from 401Å 2 to 410Å 2 correspondingly, after consultation with the authors of ref.
15 . The correction was motivated by the inconsistency observed with the data reported in reference 15 when the calculation of R g is performed using a standard model, such as the Freely-Rotating-Chain, described later in in this paper. In the mesoscale simulations of a polymer melt, each chain is represented as a point particle interacting through a soft-core potential derived from the solution of the Ornstein Zernike equation applying the Hyper Netted Chain closure. MS MD simulations were implemented in the microcanonical (N V E) ensemble on a cubic box with periodic boundary conditions. We used reduced units such that all the units of length were scaled by R g (r * = r/R g ) and energies were scaled by k B T . More details of our simulation procedure have been reported in previous papers. UA . The diffusion coefficient measured in the mesoscale simulations is several orders of magnitude faster than in the atomistic simulations. However, once it is rescaled the diffusion coefficient becomes very similar to the one obtained directly from the atomistic simulation. It is important to notice that, once the parameter d, which is characteristic of the polymer considered, is determined the diffusion coefficient is calculated without any input from the dynamics of the atomistic simulations, so the procedure is predictive.
5,29,30
The samples here are relatively short and these calculations are performed for unentangled and slightly entangled systems. For strongly entangled systems, we proposed in a previous paper a perturbative version of our approach that accounts for the fact that both the tagged chain and the surrounding chains, that provide the entanglements, relax following the same dynamics. 6 In this manuscript the PB samples are in the unentangled and slightly entangled regimes, which are well represented by the theory without the one-loop perturbation. 
bols represent MS MD simulations rescaled as in Eq.(3).
In analogy with the figure in Ref.
15 from which the UA MD data are taken, we report three scaling regimes in terms of power law dependence of D ∝ N −b .For N < 80, there is a faster than Rouse regime with D with b > 1, which is attributed to the free-volume effects due to chain ends which is significant only for very short chains [31] [32] [33] . In the intermediate regime for 80 < N < 160 a Rouse-like behavior can be observed where the scaling exponent b is close to 1. For longer chains with N > 200 the value of b ≈ 2.1 is typical of the crossover to reptation dynamics.
The data in this plot are not closely following the reported scaling exponents because as the degree of polymerization increases the density of the system changes (Fig.4) . The different regimes are even less prominent in the MS MD simulations, where we observe a smoother transition between regimes than in UA MD data. In our calculations features like free volume effects due to chain ends (causing faster than Rouse decay of the diffusion coefficient for short chains) enter only indirectly as a consequence of the interplay of the input parameters, i.e. ρ, R g , N . The increasing of the density with N enters our analytical equation both directly, through the liquid density, and indirectly through the effective radius of gyration of the polymer, given that the compactness of the chain changes with the density (see also Section V of this paper).
The cis-1,4-PB chains are more flexible in comparison to PE chains, therefore we should expect larger entanglement length N e (for PE from scattering N e ≃ 130). 
IV. INTERNAL DYNAMICS
The coarse-grained model adopted in this paper simplifies the macromolecular structure by reducing the description of the molecule to an effective site that is centered on the center-of-mass of the molecule. For this reason, the only dynamics that can be predicted by this CG description, through the rescaling procedure, is the long-time diffusive behavior of the center-of-mass of the molecule. However from the knowledge of the diffusion coefficient the monomer friction coefficient can be obtained, and the latter can be used as an input to the Langevin equation that describes the internal dynamics of the polymer chain at any length scale of interest.
Specifically we follow our approach for the Cooperative Dynamics of a group of macromolecules, or Cooperative Dynamics Generalized Langevin Equation (CDGLE).
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Conventional theories of polymer dynamics, such as the Rouse theory for unentangled polymer dynamics and the "reptation" model for entangled dynamics, predict diffusive motion at short time following the ballistic regime; this is however in disagreement with simulations and experiments, which show a sub-diffusive regime before the com starts to follow Brownian motion. Both theories are mean-field approaches of single chain dynamics in an uniform bath. 18 Our approach focuses on the dynamics of a group of polymer chains in a melt and relates the anomalous subdiffusive behavior to the presence of cooperative motion of a group of polymer chains in a dynamically heterogeneous liquid, as observed in simulations data of polymer melts and experiments. [35] [36] [37] [38] Theoretical predictions of the com and monomer mean-square displacements are shown to be in quantitative agreement with computer simulations of unentangled 20, 39 and slightly entangled polymer melts, 40 and with scattering experiments of Neutron Spin Echo.
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The physical picture underlying the theory builds on the fact that in polymer melts the dynamics appears heterogeneous with the motion of a tagged chain correlated to the dynamics of a group of n chains comprised inside the range of the intermolecular potential. The latter has a range of the order of the correlation hole, i.e. of the radius-of-gyration of the polymer, as it emerges from the solution of the OZ equation. The number of chains comprised in a volume of the order of R 3 g is given by n ≈ ρN 1/2 l 3 , where l, the statistical segment length, and the other quantities have been defined earlier on. The number of interpenetrating chains, n, increases with increasing density, degree of polymerization, and the stiffness of the polymer.
In the Cooperative Dynamic approach the dynamics is described by a set of coupled equations of motion (eom). Each equation is expressed in the space coordinates of the monomer a, belonging to molecule i and positioned at r 
Here A is the matrix of intramolecular connectivity, which reduces to the Rouse matrix when infinitely long and completely flexible macromolecules are considered, and is defined as
Here U is the equilibrium averaged bond correlation matrix
and M is a structural matrix, with all the elements equal zero except M 1,i = 1/N for i = 1, ..., N , M i,i = 1 with i = 2, ..., N , and M i−1,i = −1 with i = 2, ..., N . The U matrix is a function of the local semiflexibility parameter g =< l i · l i+1 > /(l i l i+1 ), which is related to the persistence length of the polymer. For our samples the values of g are reported in Table I and are calculated from the molecule radius of gyration, which can be obtained from experiments or from atomistic simulations.
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Through Eq.(16) the eom includes a complete microscopic description of the structure and local flexibility of the specific molecule under investigation, containing all the relevant parameters that define the intramolecular mean-force potential. Equations of motion for different beads belonging to the same chain or to two chains undergoing slow cooperative dynamics are coupled by the presence of intra-and inter-molecular interaction potentials. The intrinsic, chemical dependent semiflexibility of the macromolecule enters explicitly through the description of the A matrix.
The intermolecular potential is time dependent, as it is a function of the relative position coordinates of the centers-of-mass of a pair of molecules. As the two molecules move with respect to each other the intermolecular force changes. From the initial ensemble of n dynamically correlated chains, molecules diffuse in time and finally move outside the range of the potential, R g , in a timescale of
The set of coupled equations is solved after transformation into normal modes of motion and numerically using a self-consistent procedure that calculate the effective potential at any given distance. Once n and ζ m = k B T /(N D) are defined, the first optimized against the simulation data and the second from our rescaling procedure, the set of equations has no adjustable parameters.
By applying consideration of symmetry the set of coupled eoms in normal coordinates can be simplified and reduced to two sets of N uncoupled equations in the relative and collective normal-mode coordinates . We assume that the eoms for internal modes (p > 0) do not contain intermolecular forces. This approximation is justified on the basis that polymer local dynamics is affected in a similar way by inter-and intra-molecular excluded volume interactions, which in polymer liquids tend to compensate each other. Intermolecular forces, which enter the dynamics through the eom for the first (p = 0) normal mode, still perturb the dynamics on the local scale through the linear combination of the normal modes.
In the following, we present an overview of some of the quantities analyzed in the original simulations 15 and their comparison with the predictions of the Cooperative Dynamics theory having as an input parameter the reconstructed friction coefficient calculated from the softsphere simulations and the rescaling procedure as described in the first part of this paper. Figure 5 presents the end-to-end vector, time decorrelation function for the N = 112 sample of PB. The Coop -FIG. 5 . End-to-end vector time decorrelation function for cis-1,4-Polybutadiene with N=112. Data from UA MD simulations (symbols) are compared with predictions of the theory for Cooperative Dynamics (solid line) where the number of correlated chains is set to n = 7 and the monomer friction coefficient is reconstructed from MS MD simulations, using the procedure described in this paper.
erative Dynamic theory with the reconstructed monomer friction coefficient is directly compared against UA MD data. This function represents the rotational relaxation of the chain and cannot be measured from the soft colloid simulation directly. The N = 112 sample has chains shorter than the entanglement length and the Cooperative Dynamics theory reproduces the atomistic simulation data rather well. Figure 6 shows the center of mass mean square displacement (com MSD) for three samples of cis-1,4-Polybutadiene melts with chains of increasing degree of polymerization, N = 240, 320 and 400. The long time diffusive dynamics is calculated from the diffusion coefficients obtained from the rescaling procedure. For time shorter than the longest relaxation time, τ ≈ R 2 g /D, the mean-square displacement of the com shows a subdiffusive behavior that cannot be reproduced by the Rouse approach, i.e. the conventional theory of unentangled chain dynamics. In the cooperative dynamics theory the subdiffusive dynamics is a consequence of the cooperative motion of the interpenetrating chains inside the correlation hole region, coupled by the effective intermolecular potential between the coms of the macromolecules. The theory, with the monomer friction from rescaled MS MD simulations as an input, is compared against the UA MD simulation data. The diffusion coefficient for PB240 is underestimated and for PB320 is slightly overestimated by the theory in comparison with the simulations, which is also can be seen in Table II Table I. ble I for the PB240 sample. The number of correlated chains is optimized to reproduce the subdiffusive behavior giving n = 10, 10, 12 for PB240, PB320 and PB400 respectively, with a trend that qualitatively agree with the predicted scaling behavior. The error in the radiusof-gyration does not allow for a more precise calculation of the parameter n.
Starting from the theory of cooperative dynamics, the single chain dynamic structure factor can be calculated as
Eq.17 describes the dynamics of a "tagged" polymer chain, which moves in a group of n interpenetrating chains. The intermolecular interaction between chains affects the dynamics resulting in the subdiffusive motion of the single-chain center-of-mass, as depicted in Figure  6 , and in the subdiffusive decay of the low q dynamics of S(q, t).
The average time-dependent distance between two monomers in the tagged chain depends on the presence of the n − 1 other chains dynamically correlated, and it is expressed as a function of relative and collective mode coordinates. Once ζ ef f and n are determined, the theory predicts the full decay of the dynamic structure factor, at 15 ) fails to describe these data with satisfactory agreement, while the cooperative dynamics theory is found to be in quantitative agreement for samples at different molecular weights, over the whole time range, and for different wave vectors.
On Figure 8 the normalized dynamic structure factor is shown for the weakly entangled system PB400. The agreement for the smallest scattering vector which represents global dynamics is excellent at all times, while for intermediate and large values of q the agreement between theory and simulations is slightly less accurate. The theoretical decay, which is slightly faster than simulations at long times, suffers from the lack of properly describing the entanglement effects. A more recent version of the cooperative dynamics theory includes chain uncrossability, i.e. entanglements, and shows the correct slowing down of the relaxation in the long-time regime for entangled samples.
41 Figure 9 displays the monomer mean square displacement for cis-1,4-Polybutadiene sample with N = 112. Theoretical prediction is compared against UA MD data from ref. 15 . The agreement in both subdiffusive and diffusive regions is very good. The theory accounts for the local semiflexibility and chain connectivity, together with the cooperative motion of the chains due to the presence of intermolecular interactions.
V. THEORETICAL PREDICTIONS USING THE FREELY ROTATING CHAIN MODEL
The purpose of the rescaling procedure is to predict diffusion coefficients from the mesocale simulations properly rescaled when the atomistic simulations or the experiments are not available. One key input quantity to the procedure is the molecular radius of gyration. In the previous sections we adopted the values of R g determined from the atomistic simulations. When there are no data available for the radius of gyration, neither from atomistic simulations nor from experiments, it is convenient to use some simple model, like the freely rotating chain model to provide R g , as it captures the semiflexibility of the polymer chain. In this section we present a critical discussion of adopting a freely rotating chain model to describe the PB chain, using a constant flexibility parameter g.
For the cis-1,4-polybutadiene chain with N carbon atoms along its backbone there are n CH=CH = N/4 double bonds with l db = 1.34Å, n CH2−CH2 = N/4 − 1 single bonds with l b = 1.54Å and n CH2−CH = N/2 single bonds with l ′ b = 1.5Å. The average bond length over all N − 1 bonds is calculated as which in the N → ∞ limit gives the value of l ave b = 1.47Å. The radius of gyration for a freely rotating chain (FRC) model with semiflexibility parameter g is given as Figure 10 shows the density dependence of the semiflexibility parameter g in the UA MD simulations.
Fitting simultaneously all samples to R UA g data gives 
an average value of the semiflexibility parameter for all densities, g = 0.6564. Figure 11 displays the radius of gyration squared over degree of polymerization R 2 g /N as a function of N from united atom simulations and from the freely-rotating-chain model. The curvature at small N is due to chain-end effects. Samples with small N present the largest deviation between the two sets of data, while the constant flexibility hypothesis works best for the large N samples. The deviation is due to the fact that the united atom simulations are performed in the NPT ensemble where increasing N corresponds to an increase of the liquid density, as shown in Figure 4 . The hypothesis of a constant semiflexibility parameter works well for the long chains for which coarse-graining methods are most useful.
With this in mind, we report in Figure 12 the diffusion coefficient calculated from the mesoscale simulations, properly rescaled, where now the input radius-ofgyration is taken from the freely rotating chain model. As it is expected the best agreement between UA simulations and theoretical predicted diffusion is for the samples with larger N . The disagreement at small N is related to the fact that the density is changing with increasing N in that region of the plot, and the radius of gyration should be properly corrected for this difference. In conclusion, if an exact value of the radius of gyration as a function of thermodynamic conditions and degree of polymerization is known, the described procedure should be able to provide an accurate estimate of the dynamics starting from the mesoscale simulations of the coarse-grained system, which are computationally very efficient. The figure also reports a number of samples for which neither experiments nor simulations have been performed (N = 180, 280, 360, and 440). The most relevant conclusion of this part of our study is the fact that it is possible to make predictions for data that are not reported in the UA MD simulations, obtaining information for new systems for which neither simulations nor experiments are available.
VI. CONCLUSIONS
In a couple of recent papers we have presented an original approach to rescale the dynamics measured in mesoscale simulations of coarse-grained systems and recover the realistic dynamics as measured in atomistic simulations performed in identical thermodynamic conditions. The relevance of this method is in its ability of predicting diffusion coefficient, with good precision, directly from the simulation of a coarse-grained system, without the need of performing an atomistic simulation. Simply put, the method does not need a calibration curve. While the previous papers focused on the coarse-grained dynamics of polyethylene samples, this is the first paper in which the method is applied to a polymer with a different monomeric structure.
In this paper we use an "extreme" level of coarsegraining as the whole chain is represented as a soft colloidal particle. The choice of this representation is motivated by two reasons. The first is that a possible error in the procedure would be clearly made evident in this level of coarse-graining, and we believe that the procedure would produce an even better agreement if the macromolecule is coarse-grained at a lower level, e.g. as a collection of soft particles, or blobs.
42, 43 The second is that for this representation all the physical quantities that enter our approach are analytically solved and the rescaling procedure is formally derived.
The paper presents a comparison between theoretical predictions of coarse-grained simulations properly rescaled following our first-principles procedure, and data from united-atom simulations for cis-1,4-Polybutadiene melts. The simulations were performed by Tsolou et al. in a N P T ensemble. 15 The rescaled diffusion coefficient shows good agreement with the diffusion measured in atomistic simulations, which supports the validity of the proposed procedure.
As the coarse-graining model represents the whole polymeric chain as a soft colloidal particle, the only dynamical information that can be collected from the rescaled mesoscale simulation is the diffusion coefficient of the center-of-mass of the polymer. From this, however, the friction coefficient of the monomer is derived. This paper shows how the monomer friction coefficient is used as an input to traditional Langevin equations for the dynamics of polymeric liquids. Specifically we use here the cooperative dynamics model for unentangled chains, given that the samples in the UA simulations are in the regime of unentangled and slightly entangled dynamics. From the theory of cooperative dynamics, which represents the cooperative motion of a group of interacting polymers in a dynamically heterogeneous liquid, all time correlation functions of interest can be calculated. Specifically we present here the comparison with the quantities reported in the original paper by Tsolou et al. 15 and show that the theory, with the rescaled friction coefficient, is able to reproduce quantitatively the dynamics observed in the end-to-end time decorrelation function, and in the dynamic structure factor for unentangled and slightly entangled chains, and from the global to the local intramolecular dynamics. For entangled chains the local dynamics, represented by the high q regime in the dynamic structure factor and in the monomer mean-squaredisplacement, shows a slight departure from the theory as the cooperative dynamics approach adopted here does not yet include the effect of entanglements.
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